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Let B be a real separable Banach space and R: B* - B a covariance operator.

All representations of R in the form leneen, {en, n2!l} c B, are characterized.
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1. \ntroduction

The study of covariance operators is a major component in the theory of

probability measures on Banach spaces [ T4-jZ -1. The covariance oper-

ator of a strong second-order measure is always compact .[; however, the

covariance operator of a weak second-order measure need not be compact. In

this paper we first characterize series representations of covariance oper-

ators, and then give a set of necessary and sufficient conditions for a

covariance operator to be compact. The classical Mercer's theorem 4. can be

obtained as an imnediate corollary. These results are then applied to extend

a result of Prohorov and Sazanov W on relative compactness of probability

measures from Hilbert space to Banach space.

2. Definitions and Notation

B is a real separable Banach space with norm 1[ f1 and topological

dual B*. A linear operator R: B* - B is a covariance operator if R is

symmetric and non-negative: <Ru,v> = <u,Rv> and <Ru,u> 2 0, for all u,v in

B*. A probability measure v on the Borel a-field of B is said to be weak

second-order if fB<X,u> 2di(x) < -, for all u in B*; v is strong second-

order if fBI lxl l2du(x) < -. Every weak second order measure p has a

mean element m in B and a covariance operator R: B*- B [9 1, [10], defined by

<mV> =fB<xv>d(x)

<Ru,v> fB<x-m,u><x-m,v>dp(x)

for all u,v in B*. Strong second-order measures have compact covariances;

the strong second order property is not necessary in order that p have

compact covariance.

For a covariance operator R: B* -* B it is well known [8], [1], that there

exists a separable Hilbert space H c B such that the natural injection
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j: H - B is continuous and R = jjj*. H is the RKHS of R and is the comple-

tion of range (R) with respect to the inner product <*,.>H defined by

<Ru,Rv>H = <Ru,v>.

IH will denote the identity on H. For u,v in B*, z in B (resp. in H),

(uev)(z) = <v,z>u (resp., <v,z>Hu). If T is any map r(T) - range(T). TC

is the linear topology on B* determined by a neighborhood base at zero of

the form VC, (0) = {fEB*: sup<f,x>2 < 0 for all c > 0 and all compact setsxcC
C c B (TC is the topology of uniform convergence on compact sets). For a

given covariance operator R: B* - B, qR is the real-valued quadratic func-

tional on B* defined by qRf = <Rf,f>. The notation R = Ineneen for

{en,n>l} c B means that the sequence (Ien en) converges to R in the strong
n n

operator topology: N<en,f>en - Rf in the norm topology of B, for all f

in Bl. IH = nen en has a similar interpretation. If {un nl) is any

orthonormal basis for H, then R = junejun, [9 ]. KR will denote the unit

ball in H.

If 1. is a probability measure on the Borel a-field of B, its character-

stic functional P is defined as

11(x) f el<X'Y>dp(y) , for x in B*
B

3. Representation of Covariance Operators. i For

In this section, R is an arbitrary covariance operator. ikl
[

Theorem . R = nenen if and only if en = jvn, vncH for n 1 1, and tionL

IH lnnVn"-

Availubility Codes

D l'o' t/al
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Proof. It suffices to show that the stated conditions are necessary for

R= neneen. Suppose R = Inen en, and fix ek. Let Pk = ekek To show

ek c range(j), let (as in [3]) D: r(j*) - B be defined by Dj*f = Pkf . Then

IIDj*f[I 2 = 1IP f11 2 = 11ekH12<ekf>2 _< llek1l 21n<f, en>2 = 1lekil2<Rf,.f> =

Ik 112 Ib*f, 12 Thus D can be extended to a continuous linear map from iUT =

H into B. From its definition, Dj* = Pk' so Pk = jD* and thus ek E range(j).

To see that IH = VV, where jvn = en, n 2 1, define N= vnn"

.4~~~~1 2 an NN0 0 eits Qi'II <f,e 2 + fj*f11~ 2 so
QN and IN ,s eQxists

that 1 "11 5 1 and 1I for all x in r(j*). Thus,

N22

(V j*f t J*f = IQj*f j*fI

H 1 f*f11H

which converges to zero as N - for any fixed f in B*. Thus, IV = IH

on r(j*), and the result follows by iT3" = H.

Remark. Suppose E is a locally convex topological vector space, R: E' E

is a colT!r~a-nce operator, and R = jj*, where j: H - E is the injection and H

is the RKHS of R. R will have such a representation, for example, if E

is separable and quasi-complete [ 8]. In this case, it is easily shoun that
Theorem I holds without modification.

The representation IH = JVnVn does not require that {Vn, naell be a CONS

in H; however, sufficient conditions for vn , nll to be a CONS in H can be given.

Proposition 1. Suppose IH = Jvnevn; the following are equivalent:

(1) IvkIlH= 1

(2) vk J spv{n , nfk)

(3) Vk i sP{Vn, n} .

If any of the above conditions hold for all k a 1, then {vn, nal) is a

CONS for H.
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4. Compact Covariance Operators.

Theorem 2. Suppose R = leneen, {en,nml} c B. Let {vn,n>l) c H be such that

en = JVn, n>l. The following are equivalent:

(1) R is compact;

(2) j is compact;

(3) j[KR] is compact in B;

(4) the series IVneJVn converges uniformly in H on bounded subsets of

B*;

(5) (Ileneen) converges to R uniformly in B on bounded subsets of B*;

(6) qR is w*-continuous on bounded subsets of B*;

(7) qR is TC-continuous.

Proof. (1) => (2). Suppose f£ - f in the w* topology of B*, where

lIfQ 1 :- k for all a. Then IIj,*-j fl1 2 =<R(f a.f),(f -f)> :< 2kllR(fa-f)IIB;

since R is compact, j*fa j*f in H [4, p. 486] and thus j is compact.

(2) => (3). j compact implies j[KR] is relatively compact in B. Since

KR is weakly compact in H and j is weakly continuous, j[KR] is weakly compact

in B, and thus closed.

(3) => (2) by definition.

(2) => (4). By Theorem 1, nvnVn - H Set QN I n. If A c B*is

bounded, then -j is compact; by Dini's theorem 1 tQNxI 'H + I IxI 1H uniformly On

j*AlA. Hence IlI(%_I)jA~xI 12 !l- j~-lI~~I~- 0 uniformly on A.

(4) - (5)1 since j is continuous.

(5) -4 (1), since R is the uniform limit of compact operators.

(2) ->(6). Follows from the fact that j is compact if and only if j*fa 0

in the norm topology of H for all bounded generalized sequences (fa) in B*

which are w* convergent to zero [4, p. 486], and qR(fa) ' 1[j*f 1H"2

a H



(1) => (7). Suppose R is compact. Writing C = j[KR], C is compact in B.

qR(f) <Rf,f> =I Ij*fl I sup<j*f,x>2 = sup<f,x>2 . Thus is e- inuous
xEK XEC

at zero. C-continuity of qR follows from qR(fa) = qR(fa-f) - qR(f) + 2<Rff>.

(7) --> (1). Suppose qR is Tc-continuous. Using (6), R is compact if qR

is w* continuous at 0 on bounded subsets of B*. But B is separable so

that the w* topology on bounded subsets of B* is metrizable and it suffices

.1* to consider sequences. Suppose fn w. 0 and jfnI _.< k. Let L be an arbitrary

compact subset of B. Since {fn } is bounded in B* the fn are equicontinuous

and uniformly bounded as continuous functions on L. Thus, by the Arzela-

Ascoli Theorem [4, p. 266] {fn} is relatively compact as a subset of C (L).

Thus since fn w* 0, fn converges to 0 uniformly on L. Therefore 4n C0

and qR(fn) n 0. This completes the proof of Theorem 2. 0

Remarks. (1) Suppose r: [0,l]x[0,1] - IR is continuous, symmetric and positive

definite. For fixed tE[0,1], let 7t(x) = xt for x in C[0,1]; Iliti = 1.

A compact covariance operator R: C*[0,1] - C[0,1] is defined by [R11](t)
1
r(t,s)di(s) for any u in C*[0,1] (by Arzela-Ascoli Theorem). Thus for

s,tE[0,1], <Rnrt,s> = r(t,s). The integral operator in L2 [0,1], corres-

ponding to the kernel r, has continuous orthonormal eigenvectors {yn n;l}

and associated non-zero eigenvalues {A ,n-l}; it is well knowm that

{X1yn,n-l} is a CONS in the RKHS H of R. Thus, from Theorem 2, IN=

converges uniformly to r(t,s) for all t,s in [0,1]. This is the classical

Mercer's Theorem [7, pp. 245-246].

(2) The fact that the unit ball of H is compact in B when R is compact

was proved by Kuelbs [5 ] under the assumption that R is the covariance of a

strong second-order measure.

...6P . . .. A . .. . . - . . . , . . u l. . . . . . . . . n
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S. Characteristic Functionals

Let A denote a family of probability measures on B (separable Banach) and

A the corresponding family of characteristic functionals.

Theorem 3. let B be a separable Danach space. Then the following are

equivalent:

a) There exists a topology T on B* such that for each family A of

probability measures on B, A is equicontinuous in this topology if and only

if A is relatively compact in the topology of weak convergence

b) B is finite dimensional.

-i

Proof. As in the Hilbert space case (see [ 6, L.ema 2]) 1 is the weakest

topology on B" such that relative compactness of A -> equicontinuity of ?.

Suppose that (a) holds. Then i c C T and Lc equicontinuity of A iplies

relative compactness of A. Now let R: B* - B be any compact covariance operator.

Let {e I be a CONS in the RKIS of R. Define Wk to be the zero mean Gaussian

measure on B with covariance operator Ien e e . Then 1^1 is T equicontinuous

by Theorem 2 and (Ik. is relatively compact. Therefore R is the covariance of

i a Gaussian probability measure on B and by [9 , Theorem 11] B is finite

dimensional. 0

Theorem 3 extends a result of Prohorov and Sazonov [6] who proved it for

Hilbert spaces.

I.
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